Relativistic corrections to the pair B c -meson production in e + e − -annihilation are calculated. We investigate a production of pair pseudoscalar, vector and pseudoscalar+vector B c -mesons in the leading order perturbative quantum chromodynamics and relativistic quark model. Relativistic expressions of the pair production cross sections are obtained. Their numerical evaluation shows that relativistic effects in the production amplitudes and bound state wave functions three times reduce nonrelativistic results at the center-of-mass energy s = 22 GeV .
I. INTRODUCTION
In recent years, one of the important centers of research in the quark physics was the study of the mechanisms of heavy quarkonium production in electron-positron annihilation, and at the Large Hadron Collider. Such studies allow us to test the Standard Model, to clarify the values of fundamental parameters of the theory, to test theoretical models used for a description of heavy quark bound states in quantum chromodynamics. One of the important reactions that occur in the electron-positron annihilation is the pair production of heavy quarkoniums and diquarks [1, 2] . In the study of such reactions it has been found that significantly increases the role of the theory of the formation of bound quark states, namely, how originally appeared two quarks and two anti-quarks at small distances then combine into mesons. It has been shown that it is impossible to achieve a good description of experimental data without accounting effects of relative quark motion [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . A system (bc) with open beauty and charm has a special place among the heavy quarkoniums since its decay mechanism differs significantly from the decay mechanism of charmonium or bottomonium. At that time, as the pair charmonium and bottomium production in electron-positron annihilation already studied both theoretically and experimentally [2, 13, 14] , the production of a pair of B c mesons is studied much less. It has its own specific features. Their research will extend quantitative understanding of quantum chromodynamics, the check of the bound state theory of quarks with different flavors.
This work continues the series of our works on exclusive double charmonium production in e + e − annihilation to the case of B c -meson production. The mechanism of pair B c meson production in electron-positron annihilation is more simple in comparison with other reaction of proton-proton interaction. Our approach to the calculation of the observed cross sections for pair production of mesons is based on methods of relativistic quark model (RQM) and perturbative quantum chromodynamics [8, [15] [16] [17] [18] [19] [20] [21] . This approach allows a systematic account of relativistic effects as in the construction of relativistic amplitudes of pair produc-tion of mesons, relativistic production cross sections, and in the description of bound states of quarks themselves through the use of the corresponding quark interaction potential. In general, this approach creates a microscopic picture of the interaction of quarks at different stages of meson production. It also allows you to perform a self-consistent calculation of numerous parameters that define the cross section for meson production, from relativistic parameters determining the movement of heavy quarks, to the masses themselves of quark bound states. We can say that one of the main problems of the theory of strong interactions -a significant increase in the phenomenological parameters of various types, is solved in this case within the model. The aim of our work is to extend previously used methods for pair charmonium production to the case of quarks of different flavors. The question naturally arises of whether there can be the pair B c meson production processes in electron-positron annihilation quite probable that they can be observed in the experiment. In our work we try to show that the process of pair production of B c mesons have a clear experimental prospect.
II. GENERAL FORMALISM
Two production amplitudes of the B c meson pair in leading order of the QCD coupling constant α s are presented in Fig. 1 . Two other amplitudes can be obtained by corresponding permutations. There are two stages of B c meson production process [22, 23] . At the first process step, which is described by perturbative QCD, the virtual photon γ * and then virtual gluon g * produce two heavy quarks (bc) and two heavy antiquarks (bc) with the following four-momenta: 
where s is the center-of-mass energy, a superscript P indicates a pseudoscalar B c meson, a superscript V indicates a vector B c meson, α is the fine structure constant. Γ 1,2 are the vertex functions defined below. The permutation of subscripts b and c in the wave functions indicates corresponding permutation in the projection operators (see below Eqs. (3)- (4) . The method for producing the amplitudes in the form (2) is described in our previous studies [8, 16, 17] . The transition of free quark-antiquark pair to meson bound states is described in our approach by specific wave functions. Relativistic wave functions of pseudoscalar and vector B c mesons accounting for the transformation from the rest frame to the moving one with four momenta P , and Q are
where the symbol hat denotes convolution of four-vector with the Dirac gamma matrices, [8, 18] . An expression of spin projector in different form for (cc) system was obtained in [24] where spin projectors are written in terms of heavy quark momenta p 1,2 lying on the mass shell. Our derivation of relations (3) and (4) accounts for the transformation law of the bound state wave functions from the rest frame to the moving one with four momenta P and Q. This transformation law was discussed in the Bethe-Salpeter approach in [25] and in quasipotential method in [26] .
We have omitted here intermediate expressions, leading to the equations (2)-(4) because they were discussed in detail in our previous papers [8, 15] . In the Bethe-Salpeter approach the initial production amplitude has a form of convolution of the truncated amplitude with two Bethe-Salpeter (BS) B c meson wave functions. The presence of the δ(p · P ) function in this case allows us to make the integration over relative energy p 0 . In the rest frame of a bound state the condition p 0 = 0 allows to eliminate the relative energy from the BS wave function. The BS wave function satisfies a two-body bound state equation which is very complicated and has no known solution. A way to deal with this problem is to find a soluble lowest-order equation containing main physical properties of the exact equation and develop a perturbation theory. For this purpose we continue to work in three-dimensional quasipotential approach. In this framework the double B c meson production amplitude (2) can be written initially as a product of the production vertex function Γ 1,2 projected onto the positive energy states by means of the Dirac bispinors (free quark wave functions) and a bound state quasipotential wave functions describing B c mesons in the reference frames moving with four momenta P, Q. Further transformations include the known transformation law of the bound state wave functions to the rest frame [8, 15] . The physical interpretation of the double B c production amplitude is the following: we have a complicated transition of two heavy quark and antiquark pairs which are produced in e + e − -annihilation outside the mass shell and their subsequent evolution firstly on the mass shell (free Dirac bispinors) and then to the meson states. In the spin projectors we have
1,2 just the same as in the vertex production functions Γ 1,2 . We can consider (3)-(4) as a transition form factors for heavy quark-antiquark pair from free state to bound state. When transforming the amplitude M we introduce the projection operatorsΠ P,V onto the states of (Q 1Q2 ) in the B c meson with total spin 0 and 1 as follows:
At leading order in α s the vertex functions Γ
where the square of total four-momentum l 2 can be expressed in terms of four momenta of the electron and positron p − , p + and four-momenta of B c mesons:
Relative momenta p, q of heavy quarks enter in the gluon propagators D µν (k 1,2 ) and quark propagators as well as in relativistic wave functions (3) and (4). Accounting for the small ratio of relative quark momenta p and q to the energy s, we use an expansion of inverse denominators of quark and gluon propagators as follows:
,
In a purely non-relativistic approximation factors Z i and Y i are equal to 1. They accumulate the bound state effects. The expressions for Z 2 and Z 4 can be obtained from Z 1 and Z 3 after replacement r 2 → r 1 ,
These expansions contain also the B c meson masses which can be calculated in quark model or taken from experiment. Using expansions (8)- (12) and wave functions (3)-(4) in the amplitude (2) we hold the second-order correction for small ratios |p|/m 1,2 , |q|/m 1,2 , |p|/s, |q|/s relative to the leading order result. As we take relativistic factors in the denominator of the amplitudes (3) and (4) unchanged, the momentum integrals are convergent. Calculating the trace in obtained expression in the package FORM [27] , we find relativistic amplitudes of the B c meson pairs production in the form:
where ε V is the polarization vector of spin 1 B c meson. The functions
entering in (13)- (15) can be written as series in specific relativistic factors
To preserve a symmetry in quark masses we make following substitution in some expansion terms:
Exact analytical expressions for these functions are presented in Appendix A. To calculate the differential cross sections for the pair production, we introduce the angle θ between the electron momentum p e and momentum P of B c meson. Then we can obtain the differential cross section dσ/d cos θ and total cross section σ as a function of center-of-mass energy s, masses of quarks and B c mesons and relativistic parameters presented below. The differential cross sections for pair B c meson production can be written in the following form:
, the values of wave function at the origin are equal
The differential cross sections (16)- (18) in this form are very close to nonrelativistic results obtained in [28] . The functions F nk which can be expressed in terms of momentum integrals I nk and calculated in the quark model: .
There are two sources of relativistic corrections to the production amplitude (2) and the cross sections (16) , (17) and (18) (q) is important to take into account this source of relativistic corrections. As it follows from (16), (17) and (18) in nonrelativistic approximation the pair B c meson production cross sections contain fourth power of nonrelativistic wave function at the origin. The value of the cross sections is very sensitive to small changes of Ψ 0 Bb c . In nonrelativistic QCD there exists corresponding problem of determining the magnitude of the color-singlet matrix elements [29] . To account for the relativistic corrections in the calculation of the wave functions we believe that the dynamics of heavy quarks is determined by the QCD generalization of the standard Breit Hamiltonian in the center-of-mass reference frame [30] [31] [32] [33] : 
+ 4α s 3r 3 1 2m
where L = [r × p], S 1 , S 2 are spins of heavy quarks, n f is the number of flavors, γ E ≈ 0.577216 is the Euler constant. To improve an agreement of theoretical hyperfine splittings in (bc) mesons with experimental data and other calculations in quark models we add to the standard Breit potential (24) the spin confining potential obtained in [30, 34] :
where we take the parameter f V = 0.9. For the dependence of the QCD coupling constant α s (µ 2 ) on the renormalization point µ 2 in the pure Coulomb term in (22) we use the threeloop result [35] 
. (26) In other terms of the Hamiltonians (23) and (24) we use the leading order approximation for α s . The typical momentum transfer scale in a quarkonium is of order of double reduced mass, so we set the renormalization scale µ = 2m (22) and construct the effective potential model as in [16, 36] by means of the rationalization of kinetic energy operator. The numerical values of the relativistic parameters entering the cross sections (16) , (17) and (18) are obtained by the numerical solution of the Schrödinger equation [37] . They are collected in Table I . We tested this model, calculating the masses of charmonium, bottomonium and B c mesons and compare the results with existing experimental data and other theoretical predictions. We can say that our results are in good agreement with them (the accuracy amounts to about one percent). For example, in the case of low lying (bc) mesons we obtain M(1 1 S 0 ) = 6.276 GeV and M(1 3 S 1 ) = 6.317 GeV. Experimentally observed parameters of B c meson are consistent with different theoretical predictions [38] [39] [40] [41] . Numerical data related with charmonium states are discussed in [16] . One could argue that our estimates of the charmonium mass spectrum agree with experimental data with more than a per cent accuracy [16, 38] . Our nonrelativistic values of B c meson wave functions at the origin differs on 20 per cent from the values presented in [39] [40] [41] because we take α s =0.265 in this approximation. Then we calculate the parameters of B c mesons and production cross sections as functions of center-of-mass energy s. Total cross section plots for the pair production of B c mesons are presented in Fig. 2 . In Table II we give numerical values of total production cross sections at certain center-of-mass energies s and compare them with nonrelativistic result in our quark model. The effect of relativistic corrections to the bound state wave functions (the Breit potential) plays a key role in total decreasing of the production cross sections as compared with nonrelativistic results. The decreasing factor in the cross sections when passing from nonrelativistic to relativistic results is equal approximately 3. Total numerical results could be considered as an estimate for the experimental search.
III. NUMERICAL RESULTS AND DISCUSSION
Previous researches of the pair quarkonium production convincingly show that the calculation of the observed cross sections without account of relativistic effects gives wrong results. Therefore, in our study, we focus on the inclusion of relativistic corrections to the production cross sections within the previously developed formalism in the quark model. The important role of relativistic effects in exclusive processes of pair production in electron-positron annihilation is confirmed in the case of the B c mesons. Our construction of the amplitude of this process (2) is aimed at keeping the two types of relativistic corrections. The corrections of the first type can be called the relativistic corrections to the production amplitude connected with the relative quark momenta p and q. The corrections of second type appear from the perturbative and nonperturbative treatment of the quark-quark interaction operator which leads to the modification of the quark bound state wave functions Ψ 0 Bb c (p) as compared with nonrelativistic case. We also systematically account for the bound state corrections working with masses of B c mesons. The calculated masses of B c mesons agree well with previous theoretical results and experimental data [38] [39] [40] [41] . Note that the quark model, which we have used in the calculations is based on quantum chromodynamics and has certain characteristics of universality.
Total cross sections for the exclusive pair production of pseudoscalar and vector B c mesons in e + e − annihilation are obtained from (16), (17) and (18) form:
The plots of total cross sections for the production of pseudoscalar+pseudoscalar, pseudoscalar+vector and vector+vector B c mesons as functions of center-of-mass energy s are presented in Fig. 2 . At present there are no experimental data about such exclusive processes. Therefore, these graphs can serve in the future as a guide in conducting relevant experiments. Comparing three plots in Fig. 2 , we see that the greatest values of production cross sections correspond to the pair vector B c meson production. Assuming that a luminos-ity at the B-factory L = 10 34 cm −2 · c −1 the yield of pairs of vector B c mesons can be near 50 events per month at the center-of-mass energy s = 16 GeV . As it follows from Fig. 2 an account of relativistic and bound state corrections decreases the cross section value as compared with nonrelativistic result. It is important to emphasize that we call nonrelativistic result that one which is obtained with pure nonrelativistic Hamiltonian from (22) and the bound state mass M Bb c = m 1 + m 2 . There are several important factors that significantly affect the total value of cross-sections in the transition from non-relativistic description to a relativistic theory although they act in different directions. Relativistic corrections to the production amplitude increase nonrelativistic result on a few tenths of per cents. But another relativistic corrections to the bound state wave functions and bound state corrections have an opposite effect. The value of bound state wave function at the origin is significantly reduced when taking into account relativistic corrections and, as a result, reduced the production cross sections in the case of pair P+P, P+V and V+V B c mesons.
We presented a treatment of relativistic effects in the production of B c meson pair in e + e − annihilation. Our approach to the study of these processes is based on the quark model, which is a microscopic theory of quark-gluon interaction. In contrast to NRQCD formalism [29] the quark model allows you to perform the calculation of various parameters describing the formation of bound states of heavy quarks. In the days of the dominant concept of total parameterization of strong interaction processes, which, incidentally, does not allow to find these parameters with a high degree of accuracy, this property of the quark model looks like its advantage. We distinguish two types of relativistic contributions to the production amplitudes (13) , (14), (15) . The first type consists of relativistic p/m 1,2 , q/m 1,2 corrections to the wave functions and their relativistic transformations. The second type includes relativistic p/s, q/s corrections arising from the expansion of the quark and gluon propagators. The latter corrections are taken into account up to the second order. Note that the expansion parameter p/s is very small. In our analysis of the production amplitudes we correctly take into account relativistic contributions of order O(p 2 /m ). An estimate of the possible magnitude of these corrections can be given using the average value of heavy quark velocity squared in the charmonium v 2 = 0.3, We expect that relativistic corrections of order O(p 4 /m 4 1,2 ) to the cross sections (27) , (28) , (29) , coming from the production amplitude should not exceed 30% of the obtained relativistic result. Another important theoretical uncertainty is related with the bound state wave functions at relativistic momenta of order of quark masses. We consider that total error of the wave function determination in this region amounts to 5%. Then the corresponding error in the cross sections (27) , (28) , (29) is not exceeding 20%. Of course, this estimate is very approximate one but it agrees with the calculation of quarkonium masses with the accuracy better than one per cent. Finally, an important part of total theoretical error is connected with radiative corrections of order α s which are omitted in our work. In our calculation of the cross sections we account for effectively only some part of one loop corrections by means of the Breit Hamiltonian. Therefore, we assume that the radiative corrections of order O(α s ) can produce 20% change of the production cross sections. Our total maximum theoretical errors are estimated in 40%. To obtain this estimate we add the above mentioned uncertainties in quadrature. 
